This short note reviews the notion and fundamental properties of SIC-POVM and its connection with the length of separable states. We also review the t-design. 
Example 1 SIC-POVM for d = 2. Let
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. Then one can verify
The four states |ψ i , i = 1, 2, 3, 4 form a regular tetrahedron when represented on the Bloch sphere.
6. Analytical SIC-POVMs have been constructed for dimension d = 2, · · · , 16, 19, 24, 28, 31, 35, 37, 43, 48, see [14] . Numerical SIC-POVMs have been constructed for d ≤ 67, see the details in [20] . This is achieved by the popular method of Weyl-Heisenberg group in quantum information community. However the construction becomes hard for higher dimensions. So it is unknown, though widely believed, that whether SIC-POVM exists for any dimension d.
7. Constructing SIC-POVM is one of the most important questions in quantum information. It is related to quantum tomography [18] , Mutually unbiased bases (MUBs) [4, 16] , entanglement theory [7, 19] , Lie Algebra [2] , Galois field [1] , foundations of quantum mechanics [9] and so on.
II. RELATING SIC-POVM TO LENGTH
For a bipartite state ρ acting on the Hilbert space H A ⊗ H B , the partial transpose computed in the standard orthonormal (o.n.) basis {|i } of system A, is defined by ρ Γ = ij |j i| ⊗ i|ρ|j . One can similarly define the partial transpose Γ B on the system B. Let r(ρ) denote the rank of ρ. We call the integer pair (r(ρ), r(ρ Γ )) the birank of ρ, and the two integers may be different. The length, L(ρ), of a separable state ρ is the minimal number of pure product states over all such decompositions of ρ [8] . It is known that L(ρ) ≥ max{r(ρ), r(ρ Γ )}. One can verify that the partial transpose of the state
where
|ii is the non-normalized d-level maximally entangled state. So the separable state ρ 2 has birank (
The equality holds for d = 2 by Example 1. It also holds for d = 2, · · · , 16, 19, 24, 28, 31, 35, 37, 43, 48 [14] . However the question is whether
The positive answer of this conjecture would imply that the SIC-POVM exists for any integer d ≥ 2. This argument has been proved by using the notion of weighted 2-design in [ To conclude, either the positive or negative answer to Conjecture 2 will solve the SIC-POVM problem.
III. MORE GENERAL BACKGROUND: T-DESIGN
Let t ≥ 1 be an integer. The t-design of dimension d is defined as a set S of pure product states
where S d,t is the t-partite symmetrizer operator in the space (C d ) ⊗t . For example, S d,t = S d for t = 2 in Eq. (3). It is known [5, 13] that the number of design points satisfies
A design which achieves this lower bound is called tight. For example, the bound is equal to d, d 2 and d 2 (d + 1)/2 for t = 1, 2, 3, respectively. The t-designs exist for any d [15] . In the language of quantum information, it means that any t-partite symmetrizer operator is a non-normalized separable state. However it is unknown that whether tight t-designs exist, i.e., whether the length of t-partite symmetrizer operator reaches the lower bound in Eq. (11) .
Here are a few known results from the field of t-designs. For d = 2, tight t-designs exist for t = 1, 2, 3, 5 [11] . For a few d > 2, tight t-designs exist for t = 1, 2, 3 [5, 6] . Here is the detail. It is trivial that tight 1-designs exist for any d. The existence of tight 2-designs is equivalent to the positive answer for Conjecture 2, in terms of Eq. (10) . So far this is true for d = 2, · · · , 16, 19, 24, 28, 31, 35, 37, 43, 48, see [14] . Third, the tight 3-designs are known only for d = 2, 4, 6 [10] . In particular for d = 2, the six states from an MUB in C 2 form a tight 3-design [20] . It can also be directly verified by computing the frame potential.
Note that ρ t is a t-partite separable state. We have .
The proof is based on Ref.
[41,42] of [13] . Nevertheless, it is known that the tight t-design does not exist for d ≥ 3, t ≥ 5 [13] .
